Abstract. This paper contains several results about the structure of the congruence kernel C pSq pGq of an absolutely almost simple simply connected algebraic group G over a global field K with respect to a set of places S of K. In particular, we show that C pSq pGq is always trivial if S contains a generalized arithmetic progression. We also give a criterion for the centrality of C pSq pGq in the general situation in terms of the existence of commuting lifts of the groups GpK v q for v R S in the S-arithmetic completion p G pSq . This result enables one to give simple proofs of the centrality in a number of cases. Finally, we show that if K is a number field and G is K-isotropic then C pSq pGq as a normal subgroup of p G pSq is almost generated by a single element.
Introduction
Let G be an absolutely almost simple simply connected algebraic group defined over a global field K, and let S be a nonempty subset of the set V K of all places of K containing the set V K 8
of archimedean places. We fix a K-embedding G ãÑ SL n and define
where OpSq is the ring of S-integers in K. One then introduces two topologies, τ a and τ c , on the group of K-rational points GpKq, called the S-arithemetic topology and the S-congruence topology, respectively, by taking for a fundamental system of neighborhoods of the identity all normal subgroups of finite index N Ă GpOpSqq for τ a , and the congruence subgroups GpOpSq, aq " GpKq X SL n pOpSq, aq corresponding to nonzero ideals a of OpSq 1 for τ c . One shows that these topologies in fact do not depend on the choice of the original K-embedding of G into SL n , and furthermore, the group GpKq admits completions with respect to both τ a and τ c . These completions will be denoted p G pSq and G pSq , and called respectively the Sarithmetic and the S-congruence completions. As the topology τ a is finer than τ c , there is a natural continuous homomorphism π pSq : p G pSq Ñ G pSq , which turns out to be surjective. Its kernel C pSq pGq is called the S-congruence kernel. Clearly, C pSq pGq is trivial if and only if every normal subgroup N Ă GpOpSqq contains a congruence subgroup GpOpSq, aq for some a, which means that we have an affirmative answer to the classical congruence subgroup problem for the group GpOpSqq. In general, C pSq pGq measures the deviation from the affirmative answer, so by the congruence subgroup problem in a broader sense one means the task of computing C pSq pGq. (In the sequel, we will omit the superscript pSq if this may not lead to a confusion.) The investigation of the congruence subgroup problem has two aspects: the first is to prove that in certain cases C pSq pGq is finite and then determine it precisely, and the other is to understand the structure of C pSq pGq in the cases where it is infinite. We recall that the expected conditions for C pSq pGq to be finite/infinite are given in the following conjecture of Serre [58] :
C pSq pGq should be finite if rk S G :" ř vPS rk Kv G is ě 2 and G is K v -isotropic for all v P SzV K 8 , and C pSq pGq should be infinite if rk S G " 1.
1 As usual, SL n pOpSq, aq " tA P SL n pOpSqq | A " I n pmod aqu.
1
(In the sequel, we will always assume that rk S G ą 0 as otherwise the group GpOpSqq is finite, hence C pSq pGq is trivial.) The results of the current paper contribute to both aspects of the congruence subgroup problem. (We refer the reader to the surveys [39] and [43] and references therein for information about the very impressive body of work in this area.)
To give the precise formulations, we need to recall the statement of the Margulis-Platonov conjecture (MP) for the group GpKq:
and also contains all but finitely many places belonging to a generalized arithmetic progression PpF {K, C q such that σ|pF X Lq " id F XL for some (equivalently, any) σ P C (which is automatically true if G is an inner form of the split group over K). Then C pSq pGq is central, and hence in fact trivial.
In §6 we will give a new proof of Lubotzky's conjecture on the congruence subgroup property for arithmetic groups with adelic profinite completion. A profinite group ∆ is called adelic if for some n ě 1, there exists a continuous embedding ι : ∆ ãÑ GL n p p Zq, where p Z " ź q prime Z q . It was conjectured by A. Lubotzky that if for Γ " GpOpSqq the profinite completion p Γ is adelic then Γ has the congruence subgroup property (CSP), i.e. the congruence kernel C pSq pGq is finite. This was proved by Platonov and Sury in [32] using some rather technical constructions developed earlier in [31] to establish (CSP) for arithmetic groups with bounded generation. Subsequently, Liebeck and Pyber [19] showed that any finitely generated subgroup of GL n p p Zq has bounded generation, which allows one to prove Lubotzky's conjecture by directly quoting the results of [22] and [31] on (CSP) for arithmetic groups with bounded generation. We note that it is essential in both [19] and [32] that Γ be finitely generated (i.e., S be finite). We give a rather short proof of Lubotzky's conjecture that does not rely on finite generation (hence is applicable even when S is infinite).
Theorem C. Let G be an absolutely almost simple simply connected algebraic group defined over a number field K, S Ă V K zA be a subset containing V K 8 , and Γ " GpOpSqq. If the profinite completion p Γ is adelic then C pSq pGq is central, hence finite.
Our last result addresses the second aspect of the congruence subgroup problem, viz. the structure of the congruence kernel C " C pSq pGq when it is infinite. It is known (cf. Proposition 2.9) that in this case the group C is not finitely generated; for its precise structure in certain cases see [21] , [27] , [28] , [71] , [72] . Lubotzky [24] showed however that the congruence kernel C is always finitely generated as a normal subgroup of p Γ. We will prove that when K is a number field and G is K-isotropic, C as a normal subgroup of p G is almost generated by one element (this result was announced more than 10 years ago and is mentioned in [24] , but its proof given below appears in print for the first time).
Theorem D. Let G be an absolutely almost simple simply connected algebraic group over a number field K with rk K G " 1. Then there exists c in C " C pSq pGq such that if D is the closed normal subgroup of p G generated by c then the quotient C{D is a quotient of the metaplectic kernel MpS, Gq; in particular, it is a finite cyclic group.
(We note that if G is K-isotropic and rk S G ě 2 then C pSq pGq is known to be central (Raghunathan [40] , [41] ) hence isomorphic to a quotient MpS, Gq, so the theorem trivially holds with c " 1. Thus, the core case in the theorem is where rk S G " 1.)
Preliminaries on the congruence kernel
Let G pãÑ SL n q be an absolutely almost simple simply connected algebraic group over a global field K, A the finite set nonarchimedean places of K where G is anisotropic and S Ă V K be a nonempty subset containing V K 8 when K is a number field and such that A X S " ∅ and rk S G ą 0. Let Γ " GpOpSqq. The discussion in §1 leads to the following exact sequence of topological groups for the congruence kernel C " C pSq pGq:
(we omit the superscript pSq whenever possible). It is an immediate consequence of the definitions that (C) splits over the group of K-rational points GpKq in the category of abstract groups (with the image of this splitting being dense in p G). Furthermore, as we already pointed out in §1, it follows from the Strong Approximation Property that the S-congruence completion G can be naturally identified with the group of S-adeles GpApSqq. We now recall the following universal property of (C). Proof. Since the closure Γ of Γ in G is an open profinite subgroup, and the group D is also profinite, we see that Ω :" ρ´1pΓq is an open profinite subgroup of E. Then
is a dense subgroup of Ω. By the universal property of the profinite completion, there exists a continuous surjective homomorphism p ϕ : p Γ Ñ Ω which coincides with ϕ on Γ. As ϕ is a section for ρ over GpKq, the composition ρ˝p ϕ : p Γ Ñ Γ restricts to the identity map on Γ, and therefore coincides with π on p Γ. Since p ϕ : p Γ Ñ Ω is surjective, we now conclude that
so ν :" p ϕ|C is as required.
The goal of this section is to develop some techniques that will be used later to establish the centrality of C in certain situations. For further use, it is convenient to deal not only with the extension (C) itself, but also with its quotients. So, let D Ă p G be a closed normal subgroup contained in C. Consider the quotient of (C) by D:
We note that just like (C), the sequence (F) splits over the group GpKq, and the map θ is open and closed. The following set of places plays an important role in examining when (F) is a central extension:
where Z H pF q denotes the centralizer of F in H, the set A consists of those nonarchimedean v P V K for which G is K v -anisotropic, and GpK v q is naturally identified with a subgroup of G " GpApSqq. We will write Z for ZpCq if this will not lead to a confusion. We note that Proposition 2.1 is independent of the Margulis-Platonov conjecture (MP), but in the rest of this section we do invoke our standing assumption that (MP) holds for GpKq and S X A " ∅.
We begin with a couple of results that give sufficient conditions for a place v P V K zpS Y Aq to belong to ZpF q.
Assume there exists a noncentral a P GpK v q such that a P θpZ H pxqq for every x P F. Then v P ZpF q.
Proof. Let F be the set of conjugacy classes in F. The conjugation action of H on F gives rise to a group homomorphism G τ ÝÑ PermpF q to the group of permutations of F . Our assumption means that τ paq " id F . Since GpK v q does not have proper noncentral normal subgroups (cf. [29] , and also [15] , [35] , [66] ), this implies that τ pGpK v" tid F u. In particular, any open normal subgroup W Ă F is normalized by H v :" θ´1pGpK v qq, so the latter acts on the finite group F {W. Let λ W : H v Ñ AutpF {W q be the corresponding group homomorphism, and set L W " Ker λ W . We need the following lemma. Then H " KL, or equivalently κpLq " G.
Proof. Assume that N :" KL is properly contained in H. Then, since K is compact, the image λpN q " λpKq is a closed subgroup of M that is properly contained in λpHq. Since M is profinite, there exists an proper open subgroup U Ă M that contains λpN q but not λpHq. Then V :" λ´1pU q is a proper open subgroup of H of finite index that contains N . It follows that κpVq is a proper closed subgroup of G of finite index. Then the intersection of all conjugates of κpVq would be a proper normal closed subgroup of G of finite index, which by our assumption cannot exist. A contradiction. Proof. We note that GpApSqq " GpApT qqˆGpApS Y V qq. Replacing the subgroups H 1 and H 2 with their closures, we may assume that they are actually closed. Since θ is a closed map, we then see that θpH 1 q " GpApS Y Vand θpH 2 q " GpApT qq. Now, we define the following closed normal subgroup of H 1 : GpK v q Ă θpH 2 q Ă θpZ H pF qq, proving that v P ZpF q and establishing the inclusion V zA Ă ZpF q.
Next, we will show how information about Z can be used to conclude that (F) is a central extension. We begin with the following elementary lemma.
Lemma 2.6. Let
be an exact sequence of groups. Given a subgroup H 1 Ă H that centralizes F and an element a P H such that νpaq centralizes νpH 1 q, the map
yields a group homomorphism γ a :
Proof. For x P H 1 we have νpra, xsq " rνpaq, νpxqs " 1 implying that γ a pxq P F . Furthermore, for x, y P H 1 we have γ a pxyq " ra, xys " ra, xspxra, ysx´1q " γ a pxqγ a pyq, as required. 
is a well-defined bimultiplicative pairing.
Indeed, since F is central in H, the commutator rr x, r ys does not depend on the choice of lifts r x, r y, making the map c well-defined. It follows from the lemma that cpG 1 , G 2 q Ă F , and that for any x P G 1 and y 1 , y 2 P G 2 we have cpx, y 1 y 2 q " γ r x pr y 1 r y 2 q " γ r x pr y 1 qγ r x pr y 2 q " cpx, y 1 qcpx, y 2 q, proving that c is multiplicative in the second variable. The multiplicativity in the first variable is established by a similar computation.
Proof of Proposition 2.5. To prove the first claim, we need to construct the subgroups H 1 , H 2 of H with the properties similar to those described in Proposition 2.4. Set H 1 " θ´1pGpApS Y V. To define H 2 , we first consider H 1 " θ´1pGpApTX Z H pF q, where T " V K zV . Clearly, the groups GpK v q for v P V generate a dense subgroup of GpApT qq. This fact has two implications relevant to our argument. First, since V Ă ZpF q and θ is a closed map, the image θpH 1 q is a closed subgroup of GpApTcontaining GpK v q for all v P V , hence θpH 1 q " GpApT qq. Second, for any v P V , the group G is K v -isotropic, and therefore GpK v q contains no proper normal subgroup of finite index (as we already mentioned above). It follows that GpApTcontains no proper closed normal subgroup of finite index. Now, it follows from Lemma 2.6 that for any a P H 1 , the map γ a : x Þ Ñ ra, xs defines a (continuous) group homomorphism H 1 Ñ F . We now consider the profinite group
define a continuous homomorphism λ : H 1 Ñ M, x Þ Ñ pγ a pxqq, and let H 2 " Ker λ. Applying Lemma 2.3, we see that θpH 2 q " GpApT qq. This easily implies that H " H 1 H 2 , and on the other hand, by our construction the subgroups H 1 and H 2 commute elementwise. In particular, H 2 is normal in H, and hence (F) gives rise to the following exact sequence
Since C pSYV q pGq is trivial by assumption, Proposition 2.1 implies that F Ă H 2 . It follows that H 1 centralizes F , and therefore so does H " H 1 H 2 as H 2 Ă Z H pF q by our construction. (While this can be derived directly from Proposition 2.4, we gave an independent argument in order to avoid cumbersome notations.)
For the second assertion, we observe that for V " V K zpS Y Aq, the triviality of C pSYV q pGq is equivalent to our standing assumption that (MP) holds for GpKq and S X A " ∅. Proof. Fix i P I, and apply Proposition 2.4 with V " AYV i ; then the corresponding T is S YV 1 i . We let HpT q be the subgroup (of H) generated by H A and H i , and HpS Y T q be the subgroup generated by H j for j P Iztiu. Using Proposition 2.4, we conclude that V i Ă ZpF q. Since this is true for all i P I, we see that actually ZpF q " V K zpS Y Aq. Then (F) is central by Proposition 2.5. (We note that in the case A " ∅, the proof in fact does not require Proposition 2.5.)
The following assertion goes back to [48] (see also [22] , [25, Proposition 7.1.3] , [31] 
A criterion for centrality
We begin with one additional notation. Let v P V K , fix a maximal K v -torus T of G, and let T reg denote its Zariski-open subvariety of regular elements. It follows from the Implicit Function Theorem that the map
is an open subset of GpK v q. It follows from the definition that U pv, T q is conjugation-invariant and solid, i.e. intersects every open subgroup of GpK v q (the latter property is primarily used when v is nonarchimedean). Let θ be as in the short exact sequence (F) of the preceding section. [39, 3.4-3.6] ). Set n " |F |. Now, let T be a maximal K-torus of G, let t P T pKq, and let T " θ´1pT pApSqqq. By Lemma 2.6, the map γ t : x Þ Ñ rt, xs yields a group homomorphism T Ñ F . It follows that γ t pT n q " t1u, i.e. T n Ă Z H ptq. On the other hand, θpT n q " T pApSqq n , and our assertion follows. l
For the proof of part piiq we need the following proposition in which we use X and p X to denote the closure of a subset X Ă GpKq in G and p G, respectively.
Assume that there exist a positive integer n, a finite set of places V Ă V K zS and maximal K v -tori T pvq of G for v P V such that for every regular semi-simple element t P GpKq X U, where U " ś vPV U pv, T pvqq, the inclusion (3.2) holds for T " Z G ptq˝. Then for any normal subgroup N of Γ " GpOpSqq of finite index and any x P N X Γ, we have
where ZpN, xq :" tγ P Γ | rx, γs P Nu.
(Note that ZpN, xq is simply the pullback of the centralizer of xN in Γ{N under the canonical homomorphism Γ Ñ Γ{N.)
Proof. For proving (3. 3), we may replace N with a smaller normal subgroup of Γ of finite index to assume that N "
We need to show that for any z P Γ X U, we have
If V ‰ ∅, then z is automatically regular semi-simple. If V " ∅, and hence Γ X U " Γ, using the Zariski-density of N in G in conjunction with the fact that the set of regular semi-simple elements is Zariski-open in G, we see that the coset zN contains a regular semi-simple element z 1 P Γ X U. This means that in proving (3.4), we may assume z to be regular semi-simple. Let
Since N v is an open subgroup, the intersection N v X T 0 pK v q meets T reg 0 pK v q for every v P V 2 , which implies that W X N is a nonempty open subset of N , and hence N Ă WN. Since x P N X Γ, there exist y P N such that (3.5) xy " gbg´1 for some g " pg v q with g v P N v and b " pb v q with b v P T reg 0 pK v q, for v P V 2 . As V 2 ‰ ∅, the element t :" xy is automatically regular semi-simple. Let T " Z G ptq˝be the maximal K-torus of G containing t.
For v R S, define
It follows from (3.5) that the adele a " pa v q belongs to T pApSqq n . So, by (3.2) there exists s P Z H ptq such that θpsq " a. In fact, a P Γ, so s P p Γ, and Γ X s p N is nonempty; we pick c P Γ X s p N. Then rx, cs P rt, cs p N " rt, ss p N " p N implying that c P ZpN, xq (note that, being of finite index in Γ, the normal subgroup N is open (and hence closed) in the profinite topology on the former, and hence Γ X p N " N). On the other hand,
Proof of piiq in Theorem 3.1. First, we will derive from Proposition 3.2 that for any x P F we have the inclusion (3.6) θpZ H pxqq Ą pΓ X U q n .
Consider the profinite group ∆ " θ´1pΓq, which is a quotient of p Γ, and take any γ P Γ X U (we will canonically identify Γ with a dense subgroup of ∆ using the splitting of θ over GpKq). Let R be the family of all open normal subgroups of ∆. For R P R, set N R :" Γ X R and r R :" θ´1pN R q,
and pick x R P Γ X pxRq. Applying Proposition 3.2 to N R and x R , we obtain that
where r ZpR, xq :" tδ P ∆|rx, δs P Ru " tδ P ∆|rx R , δs P Ru. Using the compactness of F , one easily derives from this that
Indeed, one observes that č
and for any R 1 , . . . , R d P R, we have r
So, if (3.8) does not hold, there exists R 1 P R such γ n F X ZpR 1 , xq " ∅. Next, using the compactness of ZpR 1 , xq, we see that there exists
, the inclusion (3.7) fails to hold, a contradiction. We have proved that pΓ X Uq n Ă θpZ ∆ pxqq. Since θpZ ∆ pxqq is closed, passing to the closure, we obtain (3.6). Furthermore, we have Γ X U "
n is always infinite. Now, we conclude from (3.6) and Proposition 2.2 that ZpF q equals V K zpS Y Aq. Then the extension (F) is central by Proposition 2.5. l
First applications and proof of Theorem A
To verify the inclusion (3.2) in Theorem 3.1, we observe that for t P T pKq, the centralizer Z H ptq contains T pKq, hence the closure { T pKq, and therefore θpZ H ptqq contains θp { T pKqq " T pKq. So, we could immediately derive the centrality of (F) using Theorem 3.1 if we knew that there exists an integer n ą 0 such that for any maximal K-torus T of G (or at least for any maximal K-torus with specified local behavior at finitely many places), the quotient T pApSqq{T pKq has exponent dividing n ("almost strong approximation property" up to exponent n). Unfortunately, when S is finite the latter quotient has infinite exponent (cf. [37, Proposition 4] ), which forces us to use some additional considerations (cf. Proposition 4.5 and Examples 4.6 and 4.7 below). In the next section, we will establish almost strong approximation property in the case where S contains all but finitely many elements of a generalized arithmetic progression (see Theorem 5.3), which will lead to Theorem B of the introduction. In this section we will consider separately a basic case where V :" V K zS is finite (i.e., S is cofinite) as this case has some interesting consequences (like Theorem A of the introduction). Since in this case the corresponding ring of S-integers OpSq is the intersection of finitely many discrete valuation subrings of K corresponding to the places in V , hence is semi-local, we will refer to this case as semi-local.
We begin with the following proposition which was already implicitly established in [36, §9] . Proof. Pick n " npdq so that it is divisible by the order of any finite subgroup of the group GL d pZq (it follows from Minkowski's lemma that one can take n to be the index in GL d pZq of the principal congruence subgroup modulo 3). Let T be an arbitrary K-torus of dimension m ď d. We let E :" K T denote the minimal splitting field of T over K, and set G " GalpE{Kq. The natural action of G on the character group XpT q defines its faithful representation in GL m pZq, so the order |G| divides npdq. Then, for the dual module of co-characters X˚pT q, we find a surjective homomorphism φ : ZrGs ℓ Ñ X˚pT q, and let M " Ker φ. Let T 1 and T 2 be the K-tori that split over E and have ZrGs ℓ and M as their co-character modules; clearly, T 1 " R E{K pGL 1 q ℓ , hence it is quasi-split. We have the following exact sequence of K-tori:
This sequence gives rise to the following commutative diagram with exact bottom row:
Being quasi-split, hence rational over K, the torus T 1 has weak approximation property with respect to any finite set of places (cf. [30, Proposition 7.3 
pL wwhere G w is the decomposition group GalpE w {K v q for some extension w|v. By our construction, the order |G w | divides n. Therefore, the quotient T V {η V pT 1 V q has exponent dividing n, and our claim follows. (We note that the proof enables us to somewhat optimize our choice of n: all we need is that n be divisible by the order of any finite solvable subgroup of GL d pZq.) Corollary 4.2. Let G be a reductive K-group. There exists n ě 1 such that for any maximal K-torus T of G and any finite set of places V Ă V K , the quotient T V {T pKq has exponent dividing n. Now, let G be an absolutely almost simple simply connected algebraic group over a global field K, and let V be a finite set of nonarchimedean places of K containing the set A of anisotropic places. Set S " V K zV . Then for any maximal K-torus T of G the group T pApSqq can be identified with the group T V in the above notations. Thus, Corollary 4.2 asserts the existence of n ě 1 (independent of T ) such that the closure T pKq of T pKq in T pApSqq contains T pApSqq n , for any maximal K-torus T of G. Let us use this fact to analyze the congruence sequence (C) appearing in §2. As we observed at the beginning of this section, for a maximal K-torus T of G and any t P T pKq, the image πpZ p G ptqq of the corresponding centralizer contains T pKq, hence T pApSqq n . This enables us to use Theorem 3.1 to conclude that the congruence kernel C pSq pGq is central. Furthermore, it follows from our computations of the metaplectic kernel [36] that in the situation at hand MpS, Gq is trivial, so being central C pSq pGq is actually trivial (provided that (MP) holds for GpKq, which we assume). Thus, we obtain the following: Theorem 4.3. Let G be an absolutely almost simple simply connected algebraic group over a global field K, and assume that pMPq holds for GpKq. Then for any finite set V of nonarchimedean places of K that contains the set A of anisotropic places and S " V K zV , the congruence kernel C pSq pGq is central and hence trivial.
Remark 4.4. Sury [63] showed that for the absolutely almost simple simply connected anisotropic groups of type A 1 as well as simply connected groups of classical types associated with bilinear and certain hermitian/skew-hermitian forms, the methods used to prove (MP) (see [30, Chapter 9] ) can be adapted to prove Theorem 4.3. This does not appear to be the case for the anisotropic inner forms of type A n with n ą 1, i.e. for the groups of the form G " SL 1,D , where D is a central division algebra over K of degree d ą 2. Indeed, in this case the proof of (MP) is derived from the following result which is valid over any field: Let D be a finite-dimensional division algebra over a field K. Then Dˆcannot have a nonabelian finite simple group as a quotient (see [57] , and also [54] ). In fact, every finite quotient of Dˆis solvable [55] . (See also [51] for another proof of (MP) along these lines.) All these results rely on the following fact: For a finite index subgroup N of Dˆ, we have D " N´N ( [4] , [69] ). However, there is no valid analog of this fact for finite-index subgroup of Dˆ, where D is an order in D over a semi-local subring O of K that has finite homomorphic images (see [4] regarding the case where D has no such images).
Combining Theorem 4.3 with Proposition 2.8, we obtain the following.
Proposition 4.5. Assume that A X S " ∅ and there is a partition 
Then (F) is a central extension.
Proof of Theorem A. We apply Proposition 4.5 to H " p G pSq and F " C pSq pGq by considering the partition of V K zpS Y Aq into one-element subsets (singletons). We let H A be the subgroup generated by G v (notations as in the statement of Theorem A) for v P A, and set
Then the assumptions of Theorem A immediately show that the conditions of Proposition 4.5 are satisfied and the centrality of C pSq pGq follows. l We will now show how Theorem A can be used to establish the centrality of C pSq pGq in some known cases. Example 4.6. Let G " SL n with n ě 3, and S Ă V K be an arbitrary subset containing V K 8 . The first proof of centrality in this case was given by Bass, Milnor and Serre in [3] . In order to apply Theorem A and give an alternative argument, for 1 ď i, j ď n, i ‰ j, we consider the corresponding 1-dimensional unipotent subgroup U ij of G together with its canonical parametrization e ij : G a Ñ U ij . The following commutation relation for elementary matrices is well-known:
re ij psq, e lm ptqs "
It is easy to see that the topologies τ a and τ c of GpKq induce the same topology on each U ij pKq (cf. Theorem 7.5(e) in [3] ). So, if p U ij and U ij denote the closures of U ij pKq in p G and G, respectively, then p G π ÝÑ G restricts to an isomorphism p U ij π ij ÝÑ U ij . By the strong approximation property for the additive group G a , the isomorphism pe ij q K : K`Ñ U ij pKq extends to an isomorphism e ij : ApSq Ñ U ij . Then p e ij :" π´1 ij˝e ij is an isomorphism ApSq Ñ p U ij . We will let G v , for v R S, denote the subgroup of p G generated by p e ij ptq for all t P K v Ă A S and all i ‰ j. Clearly, the G v 's satisfy condition piq of Theorem A. Since K v for v P V K zS additively generate a dense subgroup of ApSq, the closed subgroup of p G generated by the G v , v R S, contains p e ij pApSqq for all i ‰ j. In particular, it contains p e ij pKq for all i ‰ j, hence GpKq, and therefore coincides with p G, verifying condition piiiq. Finally, to check piiq, we observe that the density of K in ApSq implies that (4.1) entails a similar expression for rp e ij psq, p e lm ptqs for any s, t P ApSq. Now, for s P K v 1 and t P K v 2 , where v 1 ‰ v 2 , we have st " 0 in ApSq, which implies that p e ij psq and p e lm ptq commute except possibly when l " j and m " i. In the latter case, as n ě 3, we can pick l ‰ i, j and then write p e ji ptq " rp e jl ptq, p e li p1 Kv 2 qs. Since p e ij psq is already known to commute with p e jl ptq and p e li p1 Kv 2 q, it commutes with p e ji ptq as well. This shows that G v 1 and G v 2 commute elementwise, which verifies condition piiq of Theorem A. Then the latter yields the centrality of C pSq pGq. (We note that the idea of using commuting lifts of "local" groups is useful in the analysis of the congruence subgroup problem not only in the context of algebraic groups over the rings of S-integers in global fields, it was used in [53] together with the result of M. Stein [61] on the centrality of K 2 over semi-local rings to prove the centrality of the congruence kernel for elementary subgroups of Chevalley groups of rank ą 1 over arbitrary Noetherian rings. It is worth noting that the above argument based on almost weak approximation in maximal tori and the action of the group of rational points on the congruence kernel enables one to bypass the rather technical computations of Stein, but the exact trade-off between these two approaches is not apparent.) l Example 4.7. Let G " SL 2 , and let S Ă V K be a subset that contains V K 8 and is of size |S| ą 1; by Dirichlet's Unit Theorem (see [2, Ch. 2, Theorem 18.1]), the latter is equivalent to the existence of a unit ε P OpSqˆof infinite order. The centrality of C pSq pGq in this case was first established by Serre [58] . We will now show that this can also be derived from Theorem A. (We note that the argument below, unlike Serre's original proof, makes no use of Tchebotarev's Density Theorem.) We let U`, U´and T denote the subgroups of upper and lower unitriangular matrices and of diagonal matrices, respectively, and fix the following standard parametrizations of these groups:
. For a, b P K such that ab ‰ 1, one easily verifies the following commutator identity:
We let p U˘and U˘denote the closures of U˘pKq in p G and G, respectively. Again, it is easy to check that the topologies τ a and τ c of GpKq induce the same topology on U`pKq and U´pKq
ÝÑ G restricts to isomorphisms p U˘πÝÑ U˘. Furthermore, pu˘q K extend to isomorphisms u˘: ApSq Ñ U˘. So, the maps p u˘:" pπ˘q´1˝u˘give isomorphisms ApSq Ñ p U˘. For v P V K zS, we let G v denote the subgroup of p G generated by p u`pK v q and p u´pK v q. As in Example 4.6, one checks that the subgroups G v clearly satisfy conditions piq and piiiq of Theorem A, so we only need to verify condition piiq. In other words, we need to show that for v 1 ‰ v 2 , the subgroups p u`pK v 1 q and p u´pK v 2 q commute elementwise. First, we construct nonzero a 0 P K v 1 and b 0 P K v 2 such that p u`pa 0 q and p u´pb 0 q commute in p G. Let us enumerate the valuations in V K zpS Y tv 1 , v 2 uq as v 3 , v 4 , . . .. If d is the class number of OpSq, then for each i " 1, 2, 3, . . ., we can pick an element p i P OpSq such that v i pp i q " d and v j pp i q " 0 for j ‰ i. Fix a unit ε P OpSqˆof infinite order. Then for any m ě 2 we can find an integer npmq divisible by m! so that
We can then write 1´ε 
On the other hand, using (4.
Remark 4.8. The argument given in Example 4.6 can be generalized to prove the centrality of C pSq pGq for any absolutely almost simple simply connected algebraic K-group G with rk K G ě 2. The first proof of this fact was given by M.S. Raghunathan in [40] ; a shorter argument was given in [43] . The case where rk K G " 1 and rk S G ě 2 (which generalizes Example 4.7) is more complicated; it was treated by Raghunathan in [41] by a different method. One can give an alternative (shorter) argument (at least when char K ‰ 2) based on Proposition 4.5; details will be published elsewhere. Theorem A can also be used to simplify the proof of Serre's conjecture for some anisotropic exceptional groups [47] .
5. Strong approximation property in tori with respect to arithmetic progressions and the proof of Theorem B
Strong approximation property in tori with respect to (generalized) arithmetic progressions was analyzed in [37] , and we begin by reviewing some of the results obtained therein (we refer the reader to [12] and references therein for the analysis of strong approximation from a different perspective). Let PpF {K, C q be a generalized arithmetic progression, where F {K is a finite Galois extension with Galois group G , and C is a conjugacy class in G (for definition see §1). For a finite extension E{K, we let I E denote the group of ideles of E. Furthermore, given a subset S of V K , we let S denote the set of all extensions of places from S to E, and then let I E pSq denote the group of S-ideles and let Eˆp Sq be the closure of (the diagonally embedded)
Eˆin I E pSq. Proof
is the group of ideles with content 1, is compact. On the other hand, for any w P V E , the product Eŵ I 1 E is a closed subgroup and the quotient I E {Eŵ I 1 E is compact (in fact, this quotient is trivial if w is archimedean, and is finite in the function field case). It follows that for any nonempty
it is enough to show that M contains N, or equivalently, the abelian extension P of E with the norm subgroup M is contained in EF . We note by our construction for every w P S, the multiplicative group Eŵ is contained in M, hence the extension P {E splits at w (cf.
[2, Exercise 3]). Let R be the minimal Galois extension of K that contains E, F and P . Let σ P C be an automorphism that acts trivially on E X F ; then there exists r σ P GalpEF {Eq whose restriction to F is σ. We will now show that actually P Ă pEF q r σ . Assume the contrary. Then there exists τ P GalpR{Kq such that τ |EF " r σ and τ |P ‰ id P . (Indeed, let τ 0 P GalpR{Kq be some lift of r σ. If P Ă EF then we can simply take τ " τ 0 . So, suppose P Ć EF . If every lift τ P GalpR{Kq of r σ acted trivially on P , we would have the inclusion τ 0 GalpR{EF q Ă GalpR{P q. Then GalpR{EF q Ă GalpR{P q, hence P Ă EF , a contradiction. This proves the existence of a required lift τ in all cases.) By Tchebotarev's density theorem (cf. [2, Ch. 7, 2.4]), there exists a nonarchimedean v P V K zP 0 such that R is unramified at v and for a suitable extension u we have Fr R{K pu|vq " τ . Clearly, v P PpF {K, C qzP 0 , so the restriction w of u to E lies in S. On the other hand, since τ restricts to P nontrivially, we see that P does not split at w, a contradiction.
Remark 5.2. The above argument is a modification of the argument given in [37] in the case of arithmetic progressions defined by an abelian extension F {K. We note that our argument here shows the index rI E pSq : Eˆp Sq s in fact divides the degree rF σ : Ks for any σ P C that acts trivially on E X F (for this one needs to observe that rpEF q r σ : Es equals rF σ : E X F s, hence divides rF σ : Ks). We also point out that Proposition 4 in [37] provides a converse in the case where F {K is abelian, viz. if C " tσu and σ acts on E X F nontrivially, then the quotient
Sq has infinite exponent.
Proposition 5.1 gives a form of almost strong approximation property with respect to generalized arithmetic progressions. We now combine this with the method used in the proof of Proposition 4.1 to obtain the following. Proof. Let n 1 " n 1 pdq be an integer divisible by the order of any finite subgroup of the group GL d pZq (see the proof of Proposition 4.1). We will show that npd, mq :" n 1 pdq¨m is as required. Let T be a K-torus of dimension ď d such that for the splitting field E :" K T some (equivalently, every) element of C acts trivially on E X F . As in the proof of Proposition 4.1, we can construct an exact sequence of K-tori
with T 1 " R E{K pGL 1 q ℓ for some ℓ ě 1. Since all the tori in (˚) split over E, we have the exact sequence of the groups of S-adeles, where S consists of all extensions of places from S to E:
Let G " GalpE{Kq. Then (˚˚) induces the following commutative diagram with exact bottom row: Since this more precise statement is not needed in the proof of centrality of the congruence kernel, we will give the details elsewhere.
Proof of Theorem B. The assumption that S almost contains a generalized arithmetic progression PpF {K, C q, of course, means that there exists a finite set P 0 Ă PpF {K, C q such that S contains S 0 :" pPpF {K, C qzP 0 q Y V K 8 . Besides, we are assuming that C acts trivially on F X L, where L is the minimal Galois extension of K over which G becomes an inner twist of the split group. Since S 0 contains a non-archimedean place v such that G is K v -isotropic, our computations of the metaplectic kernel show that MpS, Gq " 1 (see [36, Main Theorem] ). This means that once we know that C pSq pGq is central, we can actually conclude that it is trivial. We will derive the centrality from Theorem 3.1, just as we did in the proof of Theorem 4.3, however the difference is that while almost weak approximation property holds uniformly for all maximal K-tori T of G (see Corollary 4.2), Theorem 5.3 guarantees almost strong approximation property only in the case where C acts trivially on K T X F . To show that this information is still sufficient for the proof of centrality, we need the following. 
Proof. Let τ 1 , . . . , τ t be all the nontrivial elements of GalpF {pF X Lqq. We extend each τ i to τ i P GalpF L{Kq by letting it act trivially on L. There exists a finite subset V 0 of V K such that G is quasi-split over K v for all v P V K zV 0 (see [30, Theorem 6.7] ). By Tchebotarev's density theorem [2, Ch. 7, 2.4], we can find v 1 , . . . , v t P V K f zpS Y V 0 q such that F L is unramified at v i and for an appropriate extension w i |v i , one has Fr F L{K pw i |v i q " τ i , for each i " 1, . . . , t. Set V " tv 1 , . . . , v t u. Since τ i acts on L trivially, we conclude that L Ă K v i . Combining this with the fact that by our construction G is quasi-split over K v i , we obtain that G actually splits over K v i , and we let T pv i q denote its maximal K v i -split torus. We claim that these tori are as required. Indeed, let T be a maximal K-torus of G as in the statement of the lemma. Then its splitting field K T satisfies K T Ă K v i for all i " 1, . . . , t. If we assume that K T X F Ć L X F , then there exists an i such that τ i acts nontrivially on K T X F . Since τ i " Fr F {K pv i q lies in the local Galois group GalpF K v i {K v i q, we see that K T X F Ć K v i . A contradiction, proving the inclusion Ă in (5.1). The opposite inclusion follows from the fact that L is contained in the splitting field of every maximal K-torus of G.
To implement the above strategy (although with some variations) and prove Theorem B, we set S " ApGq Y V K 8 and use Lemma 5.5 to find a finite subset V Ă V K zS and maximal K v -tori T pvq of G for v P V with the properties described therein. Then set
1 is contained in S, and in particular is disjoint from A and V . Now, let t be any regular semi-simple element in GpKqXU where U " ś vPV U pv, T pvqq in the notations introduced prior to the statement of Theorem 3.1, and let T " Z G ptq˝be the corresponding maximal K-torus of G. Then by construction T is GpK v q-conjugate to T pvq for all v P V , so by Lemma 5.5 we have
This means that the elements of C act trivially on K T X F , and therefore Theorem 5.3 yields the inclusion T pKq pS 1 q Ą T pApS 1n where n " npd, rF : Ksq is the number from this theorem and d is the absolute rank of G. On the other hand, we obviously have the inclusion π pS 1 q pZ p G pS 1 q ptqq Ą T pKq pS 1 q . This verifies the assumptions of Theorem 3.1(ii) for the congruence sequence (C) associated with the set S 1 , and therefore enables us to conclude that C pS 1 q is central. As we explained in the beginning of the proof, since there exists a nonarchimedean v P S 1 such that G is K v -isotropic, this implies that C pS 1 q pGq is actually trivial. Finally, since S 1 Ă S and SzS 1 does not contain any anisotropic places for G, there exists a natural surjective homomorphism C pS 1 q pGq Ñ C pSq pGq (cf. [40, Lemma 6.2]), so C pSq pGq is also trivial. l.
CSP for arithmetic groups with adelic profinite completion: Proof of Theorem c
Before we embark on the proof of Theorem C (of the introduction), we would like to point out that for infinite arithmetic groups in positive characteristic the profinite completion is never adelic (see Remark 6.2 below), so we limited the statement of Theorem C to the case of number fields. The proof relies on the following properties of the group of adeles.
GL n pZ, and fix a prime p.
(1) There exists d ě 1 (depending only on n) such that for any pro-p subgroup P of Ω, one has rP pdq , P pdq s Ă GL n pZ p q, where P pdq denotes the (closed) subgroup generated by the d-th powers of elements of P. Proof. (1): By Jordan's Theorem (cf., for example, [13] ), there exists ℓ " ℓpnq such that every finite subgroup J Ă GL n pF q, where F is a field of characteristic zero, contains an abelian normal subgroup of index ď ℓ. Set d " ℓ! and observe that the exponent of any group of order ď ℓ divides d. For a prime q, we let pr q : Ω Ñ GL n pZdenote the corresponding projection. The first congruence subgroup GL n pZ q ,is a normal pro-q subgroup of GL n pZof finite index. This means that for any q ‰ p, the image pr q pPq has trivial intersection with GL n pZ q , qq, hence is finite. Then our choice of d forces pr q pP pd" pr q pPq pdq to be abelian, implying that pr q prP pdq , P pdq sq is trivial. This being true for all q ‰ p, we obtain that rP pdq , P pdq s is contained in GL n pZ p q, as asserted. (2): Let d be the integer from part (1). Since P is analytic, it follows from the Implicit Function Theorem that the map P Ñ P, x Þ Ñ x d , is open, and therefore P pdq is an open subgroup of P. (We note that as follows from the affirmative solution of the Restricted Burnside Problem by E.I. Zelmanov [73] , [74] , the subgroup P pdq is open in P for any finitely generated profinite group P and any integer d ě 1, so the assumption of analyticity here can be replaced by just requiring finite generation.) Then, due to assumption (O), the commutator subgroup rP pdq , P pdq s is also open in P. On the other hand, part (1) asserts that rP pdq , P pdq s is contained in the kernel of the projection P Ñ ź q‰p GL n pZ, which therefore is open in P.
Remark 6.2. Combining Lemma 6.1 with the results of [17] (we thank M. Ershov for this reference), one shows that for an S-arithmetic subgroup Γ of an absolutely almost simple simply connected algebraic group G over a global field K of characteristic p ą 0, the profinite completion p Γ is not adelic provided that that rk S G ą 0 (i.e. Γ is infinite) and S ‰ V K . Indeed, pick v P V K zS and let P " GpO v , p v q be the congruence subgroup modulo the valuation ideal p v of the valuation ring O v Ă K v . We will view P as a pro-p subgroup of Γ, and let P be a Sylow pro-p subgroup of π´1pP q, so that πpPq " P . Assume that there exists an embedding p Γ ãÑ GL n p p Zq. The according to Lemma 6.1, for some d ě 1, the subgroup P 0 " rP pdq , P pdq s is contained in GL n pZ p q, hence is a p-adic analytic group. Then P 0 :" πpP 0 q is also p-adic analytic. On the other hand, it follows from [17, Theorem 1.7] or from [56] that P 0 is an open subgroup of P , and therefore cannot be analytic (see [ To proceed with the proof of Theorem C, for a prime p we let V ppq denote the finite set tv P V K zS | vppq ‰ 0u, and let Π be the finite set of primes p for which V ppq X ApGq ‰ ∅. To prove Theorem C, it is enough to show that
is contained in Z " ZpC pSq pGqq. Indeed, since the complement V K zpS Y V 0 q is finite, by Theorem 4.3 the congruence kernel C pSYV 0 q pGq is trivial. So, the inclusion V 0 Ă Z would enable us to derive the centrality of C pSq pGq from Proposition 2.5.
The rest of the argument focuses on proving the inclusion V ppq Ă Z for a fixed p R Π. By our assumption there exists a continuous embedding ι : p Γ ãÑ ś q GL n pZ. Then P :" ι´1pGL n pZ p , pqq is an analytic pro-p normal subgroup of p Γ. 
‰˘.
On the other hand, as in the proof of Lemma 6.1(1), the map
pdq an open subgroup of GpK v q. Furthermore, since G is an absolutely almost simple group, its Lie algebra (as an analytic group over Q p ) is semi-simple, which by way of the Implicit Function Theorem implies that the commutator subgroup of any open subgroup of GpK v q is again open (cf. [56] ). Combining these two facts, we see that the left-hand side of (6.1) in open in G V ppq . Then πpPq is also open, as required.
Since P is an analytic pro-p group, it follows from Cartan's theorem (cf. [8, ch. III, §8, n˝2], [14] ) and the preceding lemma that U :" P X π´1pG V ppis also an analytic pro-p normal subgroup of p Γ having the property that πpU q Ă G V ppq is open. The latter means that for the Q p -Lie algebras u and g of U and G V ppq respectively (as analytic pro-p groups), and for the differential of π we have
The rest of the proof relies on the analysis of conjugates gU g´1 for g P p G. This analysis, however, is complicated by the fact that U may not satisfy condition (O) of Lemma 6.1 (2) . To bypass this difficulty, we first replace U with a smaller subgroup that satisfies this condition and retains other significant properties of U . More precisely, let u 0 " u, u i`1 " ru i , u i s for i ě 0 be the derived series of u. Pick ℓ ě 0 so that u ℓ`1 " u ℓ , set w " u ℓ and let W Ă U be a closed subgroup with the Lie algebra w. Since by construction rw, ws " w, the subgroup W satisfies (O). At the same time, it follows from (6.2) and our construction that dπpwq " g, and therefore πpWq is open in G V ppq . Wq Ă G V ppq , and eventually Ă W Ă P X π´1pG V pp" U . The Lie algebra r w is isomorphic to w, and hence is its own commutator. It follows that r w is contained in the ℓth term of the derived series u ℓ " w, and therefore r w " w. But since Ă W and W are both closed subgroups of the analytic pro-p group U , the fact that they have the same Lie algebras means that they share an open subgroup, hence are commensurable, and our assertion follows.
For an arbitrary g P p G, the corresponding inner automorphism Int g induces a continuous group homomorphism g´1Wg Ñ W of analytic pro-p groups, which is then analytic. It follows from Lemma 6.4 that both groups have the same Lie algebra w, so we obtain an action of g on the latter. Furthermore, using the fact that for any g 1 , g 2 P p G, all four subgroups W, g´1 1 Wg 1 , g´1 2 Wg 2 and pg 1 g 2 q´1Wpg 1 g 2 q are pairwise commensurable, it is easy to see that in fact we obtain a continuous representation ρ : p G Ñ GLpwq.
Lemma 6.5. For C " C pSq pGq, the image ρpCq is finite.
Proof. Since C is compact, the image ρpCq is a compact subgroup of GLpwq " GL m pQ p q where m " dim Qp w. Since GL m pQ p q is a p-adic analytic group, we conclude that ρpCq is finitely generated (cf. [14] ). Now, applying Proposition 2.9 to F " C{pC X Ker ρq, we see that ρpCq is finite.
Let C 0 :" C XKerρ is an open normal subgroup of C normalized by p G. Then the conjugation action of C 0 on W induces the trivial action on the Lie algebra w. This means that we can replace W with an open subgroup to ensure that C 0 centralizes W (we note that after this replacement, the image W :" πpWq will still be open in G V ppq ). Lemma 6.6. There exists g P G V ppq such that W and gWg´1 generate G V ppq .
Proof. It is enough to show that given v P V pP q and an open subgroup W of GpK v q, there exists g P GpK v q such that (6.3)
GpK v q " xW, gW g´1y.
Note that GpK v q has only finitely open compact subgroup W 1 , . . . , W r that contain W (cf. [30, Proposition 3.16] ). Pick a regular semi-simple element t P W . It is well-known that the conjugacy class of t in GpK v q is closed and non-compact. So, one can find g P GpK v q such that
Then this g is as required. Indeed, in this case the right-hand side of (6.3) is an open noncompact subgroup, and therefore by a theorem due to Tits (see [34] ) contains GpK v q`, the subgroup generated by the K v -points of the K v -defined parabolics of G. But since G is simply connected and v R ApGq, we have GpK v q`" GpK v q (see the discussion in the beginning of §7), and (6.3) follows.
Now, let g P GpK v q be as in Lemma 6.6, pick a lift p g P π´1pgq, and set C 1 " C 0 X p gC 0 p g´1. Clearly, C 1 is an open normal subgroup of C that is centralized by W and p gWp g´1. So, if we let G " π´1pG V ppand Z " Z G pC 1 q, then it follows from our construction that πpZq " G V ppq .
Let Z 1 denote the kernel of the natural action of Z on the finite group C{C 1 . Since G V ppq does not have proper normal subgroups of finite index, we will still have πpZ 1 q " G V ppq . Then as in Lemma 2.6, for any c P C, the map x Þ Ñ rc, xs defines a continuous group homomorphism χ c : Z 1 Ñ C 1 , and we can consider
given by χpxq " pχ c pxqq. It follows from Lemma 2.3 that for H :" Kerχ, we have πpHq " G V ppq . At the same time, by our construction, H Ă Z p G pCq, which implies that V ppq Ă Z, as required. This completes the proof of Theorem C.
Generators for the congruence kernel: Proof of Theorem D
In this section we will assume that char K " 0, and let G be an absolutely almost simple simply connected K-isotropic algebraic group. If a subset S Ă V K containing V K 8 is such that rk S G ě 2 then according to the results of Raghunathan [40] , [41] that in particular prove Serre's conjecture in the isotropic situation, the congruence kernel C pSq pGq is central, hence is isomorphic to the metaplectic kernel MpS, Gq, which in all cases is a finite cyclic group (often trivial). In the remaining case where rk S G " 1 (and therefore necessarily rk K G " 1 and |S| " 1, hence K is either Q or an imaginary quadratic field), according to Serre's conjecture C pSq pGq is expected to be infinite, which has been established in a number of cases although we do not yet have a general result. The goal of this section is to provide several convenient systems of generators (or rather almost generators) for C pSq pGq as a normal subgroup of p G pSq and eventually reduce one of them to a single element, proving thereby Theorem D (we recall that according to Proposition 2.9, if C pSq pGq is infinite, it cannot be finitely generated as a group). So, henceforth we will assume that rk K G " 1.
First, we need to fix some notations that will be kept throughout this section. Let T be a maximal K-split torus of G (so, dim T " 1), and M " Z G pT q. The root system Φ " ΦpG, T q is either t˘αu or t˘α,˘2αu. For β P Φ, we let U β denote the corresponding unipotent Ksubgroup of G (cf. [5, 21.9] , [6, §5] , [60, 15.4] ); recall that U˘2 α Ă U˘α if 2α P Φ; if 2α R Φ, then U˘2 α will denote the trivial subgroup of U α . The subgroups P˘α " M¨U˘α (semidirect product) are opposite minimal parabolic K-subgroups with the unipotent radicals U α and U´α respectively and the common Levi subgroup M " P α X P´α. Following Tits [64] , for a field extension F {K we let GpF q`denote the subgroup of GpF q generated by the F -rational points of the unipotent radicals of parabolic F -subgroups (since char K " 0, it is simply the subgroup generated by all unipotent elements of GpF q). It is known [7, 6.2(v) ] that GpF qì s generated by U α pF q and U´αpF q. On the other hand, from the affirmative solution of the Kneser-Tits problem over local (see [29] , [35] , [30, §7.2] ) and global (see [15] ) fields, one knows that GpKq`" GpKq and GpK v q`" GpK v q for any v P V K . Thus, U α pKq and U´αpKq generate GpKq and U α pK v q and U´αpK v q generate GpK v q for any v.
We will now produce the first generating system for C " C pSq pGq as a normal subgroup of p G pSq by generalizing the construction used in Examples 4.6 and 4.7. Since char K " 0, the topologies τ a and τ c of GpKq induce the same topology on U˘αpKq (cf. [43, Prop. 2.1]). It follows that π pSq induces isomorphisms
and we let σ˘α : UpKq Ñ { U˘αpKq denote the inverse isomorphisms. Consider the set
where the union is taken over all v 1 , v 2 P V K zS, v 1 ‰ v 2 , and rA, Bs denotes the set of all commutators ra, bs with a P A, b P B. The fact that the groups GpK v 1 q and GpK v 2 q for such
hence X Ă C. Now, let D be the closed normal subgroup of p G pSq generated by X and consider the corresponding extension (F) of §2. For v P V K zS, we let H v denote the image in H " p G pSq {D of the subgroup G v Ă p G pSq generated by σ α pU α pK vand σ´αpU´αpK v qq. As we mentioned above, GpK v q " xU α pK v q, U´αpK v qy, which implies that θpH v q " GpK v q. Furthermore, by our construction the subgroups H v 1 and H v 2 commute elementwise in H. Finally, the closed subgroup of p G pSq generated by the G v 's for v P V K zS will contain { U α pKq and { U´αpKq, hence GpKq " xU α pKq, U´αpKqy, hence coincides with p G pSq . Now, applying Proposition 4.5 to the partition of V K zS into singletons and the subgroups H v constructed above, we obtain that (F) is a central extension. Thus, F " C{D is a quotient of the metaplectic kernel MpS, Gq, hence it is a finite cyclic group of order dividing the order |µ K | of the group µ K of roots of unity in K (cf. [36] ).
Next, we will show that by using the result of Raghunathan [41] , that this system can be substantially reduced.
Proposition 7.1. Fix v 0 P V K zS, and set
Then Y pv 0 q Ă C, and if D is the closed normal subgroup of p G pSq generated by Y pv 0 q, then C{D is a quotient of MpS, Gq, hence it is a finite cyclic group of order dividing |µ K |.
Proof. The discussion above yields the inclusion Y pv 0 q Ă C and also shows that it is enough to prove that the corresponding sequence (F) is a central extension. Since there exists ω P GpKq such that ωU˘αω´1 " U¯α (cf. [5, 21.2] , [6, 5.3] ), the group D contains rσ´αpUpK v 0 qq, σ α pUpK v qqs for any v P V K zpS Y tv 0 uq. We will now use Proposition 2.8 to establish the centrality. Write
The congruence kernel C pSYV 1 1 q pGq " C pV K ztv 0 uq pGq is trivial by Theorem 4.3, and the congruence kernel C pSYV 1 2 q pGq " C pSYtv 0 uq pGq is central by [41] , hence is isomorphic to MpS Y tv 0 u, Gq, which is trivial [36] , and thus is trivial as well. Let H 1 be the closed subgroup of H generated by the images of σ α pU α pK v 0and σ´αpU´αpK v 0 qq, and let H 2 be the closed subgroup generated by the images of σ α pU α pK vand σ´αpU´αpK vfor v P V K zpS Y tv 0 uq (or, equivalently, by the images of σ α pU α pApS Y tv 0 uand σ´αpU´αpApS Y tv 0 uqqq). Then θpH i q " GpApS YV 1 ifor i " 1, 2, and moreover, H 1 and H 2 commute elementwise and together generate a dense subgroup of H. In other words, H 1 and H 2 satisfy the assumptions of Proposition 2.8, and then the required centrality of (F) immediately follows from this proposition.
We will first establish Theorem D for G " SL 2 where the (almost) generating element c can be written down explicitly. The argument here is inspired by the proof of Proposition 7.1, but relies only on the result of Example 4.7 (which is originally due to Serre [58] ) rather than on the general result of Raghunathan [41] . We will keep the notations introduced in Example 4.7. Fix v 0 P V K zS, write ApSq " K v 0ˆA pS Y tv 0 uq and consider the elements
qs P C, and let D be the closed normal subgroup of p G generated by cpv 0 q. Then the quotient C{D is central in p G{D, hence it is a finite cyclic group of order dividing |µ K |.
Proof. First, we observe that the set we obtain that D contains the set
In particular, for any v P V K zpS Y tv 0 uq, all commutators rp u`paq, p u´pbqs with a P K
Since for any w P V K f , every element of K w can be written as a sum of (at most four) squares, the identities rxy, zs " pxry, zsx´1qrx, zs and rx, yzs " rx, yspyrx, zsy´1q
imply that D in fact contains the set Xpv 0 , vq. Then D contains Y pv 0 q, and our claim follows from Proposition 7.1. Remark 7.3. As we already observed, if the group G is K-isotropic then rk S G " 1 is possible only if K " Q or K " Qp ?´d q, d square-free ą 0, with S consisting of the unique archimedean place in both cases. If K " Q then MpS, Gq for any G is of order ď 2, and in fact MpS, Gq is trivial for G " SL 2 . The latter means that the congruence kernel for SL 2 pZq is generated as a normal subgroup of p G by the element cppq constructed above for any prime p. On the other hand, for K " Qp ?´d q, the order of MpS, Gq, hence also that of C{D, divides 2 (resp., 4 and 6) if d ‰ 1, 3 (resp., d " 1 and d " 3).
It is worth mentioning that the construction of generators described in Proposition 7.2 has some other applications. Let G 0 " SL 2 over Q, and let On the other hand, the results of Serre [58] imply that for d ‰ 1, 3, the homomorphism ι d is not surjective. Moreover, we have the following. 
and the finiteness of the last term in it (see [40] ), we conclude that C d is infinite, and our assertion follows.
Nevertheless, we have the following in all cases.
Proof. Pick a prime p 0 that does not split in K d , and let v 0 the unique valuation of K d extending the p 0 -adic valuation of Q. Consider the elements from Proposition 7.2 written for these valuations:
It is easy to see that these elements are related by ι d pcpp 0" cpv 0 q. So, L d contains the subgroup D from the statement of Proposition 7.2, and our claim follows from that proposition (cf. also Remark 7.3).
The proof of Theorem D in the general case will be reduced to the SL 2 -case by constructing a suitable K-homomorphism SL 2 Ñ G with the help of Jacobson-Morozov Lemma and then applying Proposition 7.2 in conjunction with the following statement. The proof requires one technical fact (Proposition 7.7 below) which we will prove in the Appendix. To state it, we observe that the centralizer M " Z G pT s q of a maximal K-split torus T s of G acts on each root subgroup U β for β P ΦpG, T s q via the adjoint action, and consequently acts on the quotient W˘α :" U˘α{U˘2 α . Furthermore, it is known W˘α is a vector group over K, and the above action gives rise to a K-linear representation ρ˘α : M Ñ GLpW˘αq -cf. [5, §21] . We also recall that since G has K-rank 1, its Tits index can have only one or two circled vertices (cf. [65] 3 We note that for d " 1, 3, the abelianization Γ ab d is finite as one can see from the explicit presentations found in [11] and [62] .
Using this in conjunction with (7.2) and the continuity of c v 1 ,v 2 , we obtain that
Then also (7.3) c v 1 ,v 2 pxX 1 pu 1 qy, xX 2 pu 2 qyq " t1u, where xX i pu i qy is the subgroup generated by X i pu i q. Now, it follows from our assumptions and the Zariski-density of U˘pKq in U˘that one can pick u 1 P U`pKq and u 2 P U´pKq so that ϕpu 1 q R U 2α pKq and ϕpu 2 q R U´2 α pKq. So, if we let ν˘α : U˘α Ñ U˘α{U˘2 α ": W˘α denote the quotient map, then w 1 " ν α pϕpu 1and w 2 " ν´αpϕpu 2are nontrivial elements in W α pKq and W´αpKq. Taking into account the Zariski-density of MpKq in M (cf. [5, 18.3] ) and applying Proposition 7.7, we see that for any field extension P {K, the P -vector space W α pP q (resp., W´αpP q) is spanned by ρ α pMpP qq¨w 1 (resp., ρ´αpMpP qq¨w 2 ). On the other hand, since αpT s pPcontains Pˆd for some d ě 1 and P is generated by Pˆd as an additive group, the additive subgroup of W α pP q (resp., W´αpP q) generated by ρ α pMpP qq¨w 1 (resp., ρ´αpMpP qq¨w 2 ) is automatically a P -vector subspace. Altogether, this means that
Clearly, U˘2 α is contained in the center of U˘α, and since U˘2 α pP q coincides with the commutator subgroup of U˘αpP q for any field extension P {K (cf. [9, 5.3] -note that this fact is true over any infinite field of characteristic ‰ 2), we obtain from (7.4) by passing to commutator subgroups that xX 1 pu 1 qy (resp., xX 2 pu 2 qy) contains U 2α pK v 1 q (resp., U´2 α pK v 2 q). Then (7.4) yields X 1 pu 1 q " U α pK v 1 q and X 2 pu 2 q " U´αpK v 2 q. Combining this with (7.3), we obtain p‹q, as required. l Remark 7.9. (1) Proposition 7.6 for C " C 0 is essentially due to Rajan and Venkataramana [45] and in fact goes back to Raghunathan's argument in [41, §3] . We note, however, that the discussion of the irreducibility of the action of M on W˘α (which is our Proposition 7.7) is limited in [45] to the groups SOpn, 1q and SUpn, 1q which are the main focus of that papersee the paragraph before last on p. 548. It should also be pointed out that the assertion in the proof of Theorem 7 in [45] that part piiq of that theorem is a restatement of [41, Proposition 2.14] is not totally accurate as Proposition 2.14 of [41] involves one extra condition -see piiiq in its statement. Nevertheless, according to our Theorem B, the result described in [45, Theorem 7 (ii)] is indeed valid, and not only for isotropic groups. In view of these technicalities, we chose -for the reader's convenience -to give a complete proof of Proposition 7.6. (2) It was pointed out in [44] and [45] that the assertion of Proposition 7.6 has the following implication:
Given a congruence subgroup Γ of GpOpSqq and a nontrivial group homomorphism φ : Γ Ñ Z, there exists a congruence subgroup ∆ of HpOpSqq and an element g P GpKq such that ∆ 1 " g∆g´1 is contained in Γ and the restriction φ|∆ 1 is nontrivial. This is subsumed, however, in the "Sandwich Lemma" of Lubotzky [23, Lemma 2.4] , which states that the above result is valid without any assumptions on the congruence kernels if HpOpSqq satisfies the so-called Selberg property. We refer to [23] for precise definitions, and only mention that the Selberg property is in fact property pτ q for congruence subgroups. More importantly, the Selberg property is now known to hold in all situations (see [10] , which concluded the efforts by various people), making the result of Lubotzky unconditional. At the same time, proving Selberg's property even for SL 2 requires the heavy machinery of the theory of automorphic forms, so the approach developed in [44] and [45] [39, 5.3] on how it can be used to establish the centrality of the congruence kernel for SL n , n ě 3) was employed by Kneser [20] to prove that if G " Spin n pqq is the spinor group of a nondegenerate quadratic form q over K in n ě 5 variables and rk S G ě 2, then C pSq pGq is central. To this end, he proved that for any anisotropic x P K n with the stabilizer Gpxq satisfying rk S Gpxq ě 1, the map C pSq pGpxqq Ñ C pSq pGq is surjective (see Proposition 3 in [39, 5.2] for an indication of the idea). Subsequently, analogues of these statements were established for groups of the classical types and type G 2 in [46] , [47] , [49] , [67] , [68] . To give an example where ι pSq G,H is not surjective, we consider an imaginary quadratic extension L{Q and let h be the corresponding 2-dimensional hyperbolic hermitian form. Set f " h K g, where g is a 1-dimensional hermitian form, and consider the natural embedding of (absolutely almost simple, simply connected) Q-groups H :" SU 2 phq Ñ SU 3 pf q ": G.
We claim that for S " t8u, the map ι pSq G,H is not surjective. Indeed, it follows from the results of Kazhdan [18] and Wallach [70] that there exists a congruence subgroup Γ of GpZq with infinite abelianization Γ ab , which immediately implies that the congruence kernel C pSq pGq is infinite (cf. [58, §3] ). Since H is fixed by the nontrivial automorphism σ " Int x of G, where x " diagp1, 1,´1q P U 3 pf q, this fact together with the above observation prevents ι pSq G,H from being surjective. While ι pSq G,H may or may not be surjective, the available results (including those obtained in [44] for the embeddings SOp2m´1, 1q Ñ SUp2m´1, 1q and SOp2m´1, 1q Ñ SOp2m`1, 1q in the anisotropic case and C " C 0 ) suggest that the assertion of Proposition 7.6 should always be true whenever G and H are absolutely almost simple simply connected K-groups and rk S H ą 0. If proven, this would simplify the verification of centrality in a number of cases.
Proof of Theorem D. Recall that here charK " 0. It follows from Propositions 7.2 and 7.6 that it is enough to construct a K-homomorphism ϕ : H " SL 2 Ñ G such that ϕpHqXpU β zU 2β q ‰ ∅ for β " α and´α. For this we consider the Lie algebra g " LpGq of G, and pick a nonzero eigenvector X P gpKq for the adjoint action of the maximal K-split torus T s with character α. Applying the Jacobson-Morozov Lemma (cf. [16] , Ch. III, Thm. 17), we can find a K-subalgebra r Ă g that contains X and is isomorphic to sl 2 . There exists an algebraic K-subgroup R of G with the Lie algebra r (cf. [5] , Cor. 7.9), which is K-isogenous to SL 2 . Let U be a 1-dimensional unipotent K-subgroup of R whose Lie algebra LpUq is spanned by X, and let T be a 1-dimensional K-split torus that normalizes U . Then T and and T s are conjugate by an element of N G pU q˝pKq (cf. [6] ), and after performing this conjugation we can assume that T " T s . Since r also contains an eigenvector for Ad T with character´α, we obtain that R X pU β zU 2β q ‰ ∅ for β "˘α, so a K-isogeny ϕ : H " SL 2 Ñ R is a required homomorphism. l To conclude, we will briefly indicate how Theorem D can be partially extended to positive characteristic p ą 2. The main distinction is that if p ą 0 and rk S G " 1 then the arithmetic and congruence topologies of G may not coincide on U˘αpKq. So, to use our approach we need to pass to the reduced congruence kernel C pSq pGq " C pSq pGq{N where N is the closed normal subgroup of p G pSq generated by the kernels of the restrictions π pSq | { U˘αpKq. Then Propositions 7.2 and 7.6 remain valid if one replaces the full congruence kernel with the reduced one in their statements. Furthermore, by going through the list of absolutely almost simple groups defined over a global field K of characteristic p ą 2 and having K-rank one, one verifies that there is a K-homomorphism ϕ : H " SL 2 Ñ G such that ϕpHq X pU β zU 2β q ‰ ∅ for β "˘α(this fact being false in characteristic two). This puts all the ingredients of the proof of Theorem D in place, and taking into account the computation of MpS, Gq in positive characteristic (cf.
[36]), we arrive at the following conclusion: C pSq pGq is generated as a closed normal subgroup of p G pSq {N by a single element.
Appendix: Proof of Proposition 7.7
We will give the argument for pW α , ρ α q. Let T be a maximal K-torus of G containing T s , and let Φ " ΦpG, T q be the corresponding (absolute) root system. We fix compatible orderings on XpT q b Z R and T pT s q b Z R so that α is positive. Let Φ`(resp., ∆) be the corresponding system of positive (resp., simple) roots in Φ. Furthermore, we let ∆ 0 denote the subset of ∆ consisting of roots with trivial restriction to T s (and then ∆z∆ 0 is the set of distinguished roots). Since rk K G " 1, it follows from the tables in [65] that | ∆z∆ 0 |ď 2; note that any δ P ∆z∆ 0 is taken to α by the restriction map XpT q Ñ XpT s q.
For β P Φ, we let U β (resp., g β ) denote the 1-dimensional connected unipotent subgroup of G (resp., the 1-dimensional subspace of the Lie algebra g " LpGq) corresponding to β (thus, g β " LpU β q). Furthermore, we let n δ pβq pδ P ∆q denote the integers that arise in the decomposition β " ř δP∆ n δ pβqδ. Let Θ " tβ P Φ`| ÿ δP∆´∆ 0 n δ pβq " 1u.
Clearly, Θ is precisely the set of roots β P Φ that restrict to α. It follows that u " ř βPΘ g β is the eigenspace for T s for the character α, hence is invariant under Ad M, where M " Z G pT s q. It is well-known that the vector spaces W α " U α {U 2α and u are isomorphic as M-modules. We also recall that for β, γ P Φ, we have (A.1) pAd gqpg β q Ă ÿ ně1 g β`nγ for any g P U γ , where as usual we set g δ " 0 if δ P XpT q is not a root. Furthermore, since we exclude characteristic 2 and also type G 2 (which does not have K-forms with K-rank 1), we have (A.2) rg β 1 , g β 2 s " g β 1`β2 for any β 1 , β 2 P Φ.
Lemma A.1. Fix δ 0 P ∆z∆ 0 , and set Θpδ 0 q " tβ P Θ | n δ 0 pβq " 1u. Then upδ 0 q :" ÿ βPΘpδ 0 q g β is an irreducible M-module.
Proof. The group M is generated by T and U γ for those γ P Φ that restrict trivially to T s . Since any such γ is a linear combination of elements of ∆ 0 , the inclusion (A.1) shows that upδ 0 q is Ad M-invariant. Let v Ă upδ 0 q be a nonzero M-invariant subspace. As M contains T , we have v " À βPΘ 1 g β for some nonempty subset Θ 1 Ă Θpδ 0 q and rm, vs Ă v, where m " LpMq. For β 1 , β 2 P Φ, we will write β 1 ą β 2 if β 1´β2 is a sum of positive roots. We claim that if β 1 , β 2 P Θpδ 0 q and β 1 ą β 2 , then . . , γ r P Φ`such that β 1 " β 2`γ1`¨¨¨`γr and β 2`γ1`¨¨¨`γi is a root for i " 1, . . . , r.
Since n δ pβ 1 q " n δ pβ 2 q for any δ P ∆z∆ 0 , we have n δ pγ i q " 0, hence g˘γ i Ă m, for all i. So, if g β 1 Ă v, then using repeatedly rm, vs Ă v together with (A.2), we obtain g β 2 " rg´γ 1 , rg´γ 2 , r¨¨¨rg´γ r , g β 1 s¨¨¨s Ă v, and vice versa, proving (A.3). Note that for any β P Θpδ 0 q we have β ą δ 0 , so using (A.3), we see that if g β 0 Ă v for some β 0 P Θpδ 0 q, then g δ 0 Ă v, and consequently g β Ă v for every β P Θpδ 0 q. Thus, v " u, as claimed.
If ∆z∆ 0 " tδ 0 u then the above lemma, together with the remarks made prior to its statement, immediately yields the irreducibility of W α . Now, suppose that ∆z∆ 0 " tδ 1 , δ 2 u. For i " 1, 2, set u i " ÿ
where Θpδ i q is the subset of Θ defined in Lemma A.1 for δ 0 " δ i , and let W i be the subspace of W corresponding to u i . Then clearly W " W 1 À W 2 , and according to Lemma A.1, each W i is an (absolutely) irreducible M-module. Let T 0 " ZpMq˝be the central torus of the (reductive) group M. Then the restrictions γ i " δ i |T 0 for i " 1, 2 form a basis of XpT 0 q b Z Q, and W i is the eigenspace of T 0 with the character γ i . It follows that the M-submodule of W containing w " pw 1 , w 2 q with w i P W i , contains w 1 and w 2 , hence coincides with W if both w 1 and w 2 are nonzero.
Since T 0 is 2-dimensional and contains the 1-dimensional (maximal) split torus T s , it splits over a quadratic extension L{K, and then both subspaces W 1 and W 2 are defined over L. The nontrivial σ P GalpL{Kq can either switch the weights γ 1 , γ 2 of T 0 , or keep each of them fixed. However, in the second option T 0 would be K-split, which is not the case. Thus, σpγ 1 q " γ 2 , and therefore σpW 1 q " W 2 . It follows that if a nonzero w P W pKq is written in the form w " pw 1 , w 2 q as above then both w 1 and w 2 are automatically nonzero, so w generates W as M-module, implying that W is K-irreducible. l
